We study the nonminimally coupled complex scalar field within the framework of teleparallel gravity. Coupling of the field nonminimally to the torsion scalar destroys the Lorentz invariance of the theory in the sense that the resulting equations of motion depend on the choice of a tetrad. For the assumed static spherically symmetric spacetime, we find the tetrad which leads to a self-consistent set of equations, and we construct the self-gravitating configurations of the scalar fieldboson stars. The resulting configurations develop anisotropic principal pressures and satisfy the dominant energy condition. An interesting property of some configurations obtained with sufficiently large field-to-torsion coupling constant is the outwardly increasing energy density, followed by an abrupt drop toward the usual asymptotic tail. This feature is not present in the boson stars with the field minimally or nonminimally coupled to the curvature scalar, and therefore appears to be a torsion-only effect.
Introduction
Teleparallel gravity [1, 2] is a gravity theory based on spacetime torsion, instead of curvature on which the standard General Relativity (GR) is based. The dynamical quantities of teleparallel gravity are tetrad fields that determine the orthonormal basis of the tangent space at every spacetime point. In terms of the tetrad fields one constructs the curvature-less Weitzenböck connection, which is used instead of the torsion-less LeviCivita connection of GR. Writing the gravitational action as
where T is the suitably defined torsion scalar, and h d 4 x is the proper volume element, the equations of motion equivalent to those of GR are obtained, and this particular variant of the theory is known as the teleparallel equivalent of general relativity (TEGR).
The gravitational sector of TEGR is Lorentz invariant in the sense that any choice of the tetrad fields leads to the same equations of motion. Extensions of this theory, such as the f (T )-gravity, or direct coupling of matter fields to the torsion scalar, disrupt the Lorentz invariance of the equations of motion. In principle, the equations of motion must be employed to fix the extra degrees of freedom (boost and rotation) contained in the choice of the tetrad fields [3, 4] . Regardless of these difficulties, there is growing interest in the f (T ) theory and/or teleparallel gravity with nonminimal coupling. Most applications are in the fields of cosmology [5, 6, 7, 8] and dark energy models [9, 10, 11, 12, 13] , while in the spherical symmetry one finds [14, 15, 16] . Non-minimal coupling of the energymomentum tensor to torsion has recently been shown to offer a possibility of detecting torsion experimentally [17, 18] .
In this paper we consider the massive complex scalar field nonminimally coupled to the torsion scalar and investigate the possibility of forming static spherically symmetric configurations analogous to the boson stars that have been thoroughly investigated within GR, for reviews see [19, 20, 21] . In particular, boson stars with nonminimal coupling of the scalar field to the curvature scalar have first been considered in [22] and some of their properties were further investigated in [23, 24] .
The paper is organized as follows: In Sec. 2 we briefly go through the basic notions of the teleparallel gravity, mainly to establish the notation and to introduce the needed quantities. In Sec. 3 we derive the general equations of motion for the scalar field nonminimally coupled to the torsion scalar. In Sec. 4 we restrict the analysis to spherical symmetry. We find the appropriate tetrad, derive the equations of motion, construct static spherically symmetric solutions, and discuss their properties. We sum up in Sec. 5. Geometrized units, G N = 1 = c, are used throughout the paper.
Teleparallel gravity: notation and conventions
Teleparallel gravity can be formulated in terms of the tetrad fields, h a µ , which determine the local Lorentz frame at every spacetime point. Latin indices run over the Lorentz frame coordinates, and Greek indices run over the spacetime coordinates. Tetrad fields obey the following well-known relations,
where η ab = diag(−, +, +, +) is the metric in the Lorentz frame, and g µν is the spacetime metric tensor. It is important to emphasize that while the tetrad fields fully determine the spacetime metric, the converse is not true; At every spacetime point, there is a six-fold infinity of tetrads, mutually related by the spacetime-dependent Lorentz transformations (these involve 3 boost and 3 rotation parameters), all giving raise to the same spacetime metric. Instead of the torsion-less Levi-Civita connection of GR, here denoted with Γ α βγ , one adopts the curvature-less Weitzenböck connection, here denoted with the tilded symbol,Γ
and proceeds to define the torsion tensor and the torsion vector,
In the above expressions, and in what follows, the quantities derived using the Weitezenböck connection, and belonging to the formalism of the teleparallel gravity, are de-noted with the tilde, while those derived with the Levi-Civita connection of the standard GR are not tilded. The contortion tensor is defined as the difference between the Weitzenböck and the Levi-Civita connections, and can be written in terms of the torsion tensor,K
and the so-called modified torsion tensor is defined as
(The above definitions imply the following properties:T α(βγ) = 0,K µ αµ = −T α ,K (αβ)γ = 0,S α(βγ) = 0.) Finally, the torsion scalar is defined as
The torsion scalar is a generally covariant scalar, which means that it is invariant under infinitesimal spacetime coordinate transformations,
, but it is not a local Lorentz scalar, since it is not invariant with respect to spacetime-dependent (local) Lorentz transformations of the tetrad, or in other words, it depends on the particular choice of the tetrad [3] .
It can be shown that the torsion scalar,T , and the Ricci curvature of the spacetime, R, are related by
which means that they differ, apart from the sign, only in the total divergence of a vector field. Since the total divergence does not affect the variation of the action, it follows that one can replace the Ricci curvature scalar in the Einstein-Hilbert action of GR with −T , i.e. write the action as
where h = det(h a α ) = − det g αβ , k = 8π is the coupling constant, and L matter is the Lagrangian involving the matter fields, and obtain the equations of motion that are equivalent to those of GR. Therefore, although the action (9) is not Lorentz invariant (sinceT is itself not Lorentz invariant), the equations of motion are Lorentz invariant. The resulting theory is known as the Teleparallel Equivalent of General Relativity (TEGR). The Lorentz invariance of TEGR is lost already in its simplest extensions such as the one we are considering in the next Section.
Torsion coupled scalar field
The action involving the complex scalar field φ coupled to torsion, that most closely resembles the well-known case of non-minimal coupling of the scalar field to the curvature scalar, can be written as
where
is the Lagrangian density and ξ is the field-to-torsion coupling constant. The scalar field is taken to be massive, µ being the mass parameter, while for simplicity we are not introducing the field self-interaction. Variation of the action with respect to the tetrad leads to the Euler-Lagrange equation
(for a detailed derivation of the above relations see e.g. Appendix C of Ref. [1] ), one obtains
Contracting with h a ρ and multiplying by k/h, the above equation of motion can be written in the form of the Einstein equation,
coincides with the Einstein tensor of GR (G
δ ν ρ R, obtained using the LeviCivita connection), and the energy-momentum tensor is given by
For ξ = 0, the above expression for the energy-momentum tensor reduces to what one expects for the minimally coupled field in GR, while with ξ = 0, comparing it with the energy-momentum tensor for the scalar field nonminimally coupled to the curvature scalar, reveals the difference only in the last term in the numerator. In the case of the curvature-coupled field, this term reads
which involves second order derivatives of the field, while the expression (15) involves only the first order derivatives. Variation of the action with respect to the field gives the equation of motion for the scalar field,
which for ξ = 0 reduces to the Klein-Gordon equation. Let us also note that, due to the invariance of the action with respect to global transformation of the field, φ → e iǫ φ, we have the conserved current,
, and therefore the conserved charge that can be interpreted as the particle number, N.
Boson stars
As the specific example of the behaviour of the torsion-coupled scalar field we will consider the possibility of forming static spherically symmetric self-gravitating structures, which we will call boson stars.
The line element of the static spherically symmetric spacetime can be written using the coordinates x µ = (t, r, ϑ, ϕ) as
where Φ and Λ are the two r-dependent metric profile functions, and dΩ 2 = dϑ 2 + sin 2 θ dϕ 2 is the metric on the unit sphere. For the above metric, the components of the Einstein tensor (14) can be obtained from the standard curvature tensors, i.e. without making any reference to the tetrad. It's non-zero components are
where explicit notation of the r-dependencies is omitted, and prime ( ′ ) denotes the rderivatives.
To compute the energy-momentum tensor (15) in the present context, we first adopt the usual time-stationary Ansatz for the complex scalar field in spherical symmetry,
where σ(r) is the real field profile function and the constant ω is the frequency. The terms in the numerator of (15), apart from the last one, can be calculated without the reference to the tetrad, and they yield the well-known contributions to the diagonal of the energymomentum tensor. The last term in the numerator of (15) involves the modified torsion tensor (6) , and therefore, in order to complete the calculation of the energy-momentum tensor, the tetrad must be chosen. As our first choice for the tetrad, we make use of the 'square root of the metric tensor recipe', which gives the 'diagonal' tetrad,
For the above tetrad we compute the Weitzenböck connection (3), the suite of torsionrelated tensors (4)- (7), and use the modified torsion tensor (6) to obtain the energymomentum tensor (15) . It is immediately revealed that the last term in the numerator of (15) gives non-diagonal and non-symmetrical contribution to the energy-momentum tensor. In particular, we obtain
which is inconsistent with the structure of the Einstein equation, except if ξ = 0, which sets one back to the minimal coupling case. At this point we conclude that the 'diagonal' tetrad (23) is not suitable for the present problem.
As another choice of the tetrad we take
Λ sin ϑ cos ϕ r sin ϑ cos ϕ −r sin ϑ sin ϕ 0 e Λ sin ϑ sin ϕ r sin ϑ cos ϕ r sin ϑ cos ϕ 0 e Λ cos ϑ −r sin ϑ 0
which is related to (23) by a spacetime-dependent rotation. Repeating the procedure, we compute the new suite of torsion-related tensors 1 and we find that in this case the energymomentum tensor is diagonal, as is the Einstein tensor. Writing T µ ν = diag(−ρ, p, q, q), allows one to identify the non-zero components of the energy-momentum tensor as the energy density,
the radial pressure,
and the transverse pressure,
With the components of the Einstein tensor, given by (19)- (21), and the components of the energy momentum tensor obtained with the 'rotated tetrad' (25) , given by (26)- (28), we find that the Einstein equation (13) consists of three independent ordinary differential equations, involving three unknown functions, Φ, Λ and σ, and one unknown constant ω.
As the additional test of the internal consistency of our equations, we verified that the field equation of motion (17) is, in this context, equivalent to the conservation condition ∇ µ T µν = 0. We therefore adopt the equations of motion obtained using the 'rotated' tetrad (25) as our choice for the analysis of the boson stars with torsion-coupled field.
In order to construct the solutions to the Einstein equation discussed above, we rely on the numerical procedures. We do so by posing the boundary value problem, where as the boundaries we take the centre of the symmetry, r = 0, and spatial infinity, r = ∞, and as the boundary conditions we take the values of the metric profile functions, Φ and Λ, and the field profile function, σ, at the boundaries. The Einstein equations involve Φ ′′ , Λ ′ and σ ′ as the highest order derivatives of the unknown functions, but it turns out to be convenient to differentiate the ( (17), or the conservation condition ∇ α T αµ = 0.) As the system also involves the unknown constant ω, we extend it by adding the differential equation ω ′ = 0. The summed order of the differential equations in the system equals five, requiring five boundary conditions, which we chose as
1 For example, with the 'diagonal' tetrad (23) for the torsion scalar (7) we obtainT = −2r −2 e −2Λ (1 + 2rΦ ′ ), while with the 'rotated' tetrad (25) we obtainT = −2r −2 e −2Λ (e Λ − 1)(e Λ − 1 − 2rΦ ′ ). For comparison, the Ricci curvature scalar corresponding to the metric (18) is R = 2r
Using the radial variable x = r/(r +1) the problem is formulated on the compact domain, and the solutions are constructed with the collocation-algorithm based code colsys [25] . Apart from the metric and the field profile functions, the quantities of interest are the total mass, M, and the total particle number, N, of the boson star, as the binding energy of a star can be defined as the difference between its total mass and the rest energy of the particles dispersed at infinity. In terms of M, N, and the field mass parameter µ, the binding energy is given by
In order to evaluate the total mass of a star in a spherically symmetric spacetime it is convenient to write g rr in terms of the 'mass function' m(r),
since the asymptotic value of m(r) as r → ∞ is the total mass of the star, M. (The ratio 2m(r)/r < 1 is known as the compactness function and is a measure of the compactness of the object at certain r.) The total particle number, N, is the integral of the timecomponent of the conserved current over the spatial slice,
and can be evaluated after the solution has been obtained. The central value of the field profile function, σ 0 , can be used to parametrize the spectrum of solutions corresponding to the chosen value of the field mass, µ, and the fieldto-torsion coupling constant, ξ. In Fig. 1 we show the behaviour of the total mass, M, the particle number, N, and the value of the frequency ω, as the σ 0 increases, in solutions obtained with µ = 1 and ξ = 16. One notices the clearly pronounced coinciding maxima in M and N, as well as the very sharp minima in between of them. Similar oscillations in M and N are found with ξ = 0 (minimal coupling) where the solution corresponding to the first maximum in the mass (as σ 0 increases) is referred to as the critical solution because it coincides with the onset of the dynamical instability of the star in the usual curvature theory [26] . At present, it is not possible to tell whether the solutions with the torsion-coupled field suffer from the same property at the first maximum of the total mass, but we will nonetheless refer to them as the critical solutions. Fig. 2 shows the binding energy (30) for several values of ξ over a range of values of σ 0 . We see that all critical solutions have negative binding energy, which is a property of gravitationally bound systems, but has no direct implications on the stability of the stars.
In Fig. 3 , we show the scalar field profile function σ, the components of the energymomentum tensor, the mass function m, and the compactness function 2m/r, for the critical solution with ξ = 16. While the field profile is outwardly decreasing, as in the familiar case of the boson star with the field minimally or nonminimally coupled to the curvature scalar, a unexpected and interesting feature is the outwardly increasing energy density, followed by the abrupt drop toward the asymptotic tail. One could describe this structure as having a thick spherical shell with higher energy-density than the energy density of the core. It is worth noting that the dominant energy condition, which requires that the energy density be greater than or equal to the absolute values of the individual pressures, is satisfied in all solutions we have examined. One also observes that the mass function approaches its asymptotic value (total mass M) well before the spatial infinity is reached, as well as the maximum of the compactness function, which gives a measure of the effective size of the self-gravitating object formed by the scalar field. 
Conclusions
While in the teleparallel equivalent of general relativity any choice of the tetrad leads to the same equations of motion, this is not necessarily so if modifications to the theory are introduced. Using the language Ref. [27] which deals with the f (T ) extension of the theory, one can speak of "good" and of "bad" tetrads, depending on the structure of the resulting equations of motion. In this paper we provide a clear example of these concepts. We have investigated one of the simplest matter models, the scalar field, in one of the simplest geometrical settings, that of spherical symmetry. We included the coupling of the scalar field to the torsion scalar in a way that resembles the widely studied nonminimal coupling of the scalar field to the curvature scalar. The algebraically simplest choice of the tetrad resulted in the equations of motion that evidently could not have a solution (except if field-to-torsion coupling was removed). Trying out different tetrads, one particular tetrad was found for which we obtained the self-consistent set of equations. These equations could be solved numerically and a spectrum of configurations could be examined in detail. Having found the "good" tetrad can certainly be seen as a success, but we must remain aware that it was found by trial and error (or "by accident"), and not through the application of a method that could be useful in similar circumstances as well. In principle, the method could consist of writing down the general ansatz for a tetrad, which would involve six spacetime-dependent functions representing the parameters of the local Lorentz transformation of the tetrad, and using the resulting equations of motion to single out the "good" tetrad. Such a general procedure is still out of our hands. The main result of this work is a new class of boson stars with interesting physical properties. We have constructed self gravitating objects formed by the complex scalar field nonminimally coupled to torsion. All configurations involve anisotropic principal pressures which obey the dominant energy condition. In some of the configurations we have found the increasing energy density as one moves away from the centre of the star which, after reaching its maximum at a finite radial distance from the centre, suddenly drops to the usual asymptotic tail. This feature could be described as a thick shell around the core of the star which is lesser density, which also makes it sensible to speak of the effective size of these objects, despite dealing with extended objects (strictly speaking, the field and the non-zero energy take up all space). The shell was obtained in configurations which are, on the basis of the analogy with the stability properties of the boson stars with minimally coupled field, expected to be dynamically stable. This is not the first indication of the possible dynamical stability of bodies with outwardly increasing energy density, For example, thick shells were also found in bodies constructed with some quasilocal equations of state of the anisotropic fluid, which were shown to be stable [28] . However, adequate analysis is required to prove or disprove the stability of the boson stars constructed in this paper, and as the equations of motion are not much more complicated than those of the minimally coupled field, the perturbative approach seems to be the most direct route. Another extension of the present work could be the inclusion of field self-interaction in the form of the φ 4 term, or more general potential terms, since these may have significant effect on the structure of the self-gravitating bodies (see e.g. [29] ). It would be interesting to investigate whether even more exotic spherically symmetric structures than the ones constructed here, e.g. gravastars [30, 31] , could be supported by the scalar field nonminimally coupled to torsion.
